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On pro-p link groups of number fields
Yasushi Mizusawa
Abstract. As an analogue of a link group, we consider the Galois group
of the maximal pro-p-extension of a number field with restricted ramification
which is cyclotomically ramified at p, i.e., tamely ramified over the intermediate
cyclotomic Zp-extension of the number field. In some basic cases, such a pro-p
Galois group also has a Koch type presentation described by linking numbers
and mod 2 Milnor numbers (Rédei symbols) of primes. Then the pro-2 Fox
derivative yields a calculation of Iwasawa polynomials analogous to Alexander
polynomials.
1 Introduction
Let p be a fixed prime number. We often regard the ring Zp of p-adic integers as
the additive group. Let k be a number field, i.e., an extension of finite degree over the
rational number field Q, and let P be the set of all primes of k lying over p. For an
algebraic extension K/k and a finite set S of primes of k none of which are complex
archimedean, we denote by KS the maximal pro-p-extension of K unramified outside
primes lying over v ∈ S, and put GS(K) = Gal(KS/K). Since only pro-p-extensions
over k are treated here, we assume that the absolute norm |Nk/Qv| ≡ 1 (mod p) if
v ∈ S \ P is a prime ideal, and that S contains no (real) archimedean primes if
p 6= 2. The finitely presented pro-p group GS(k) has a Koch type presentation in
some basic cases (cf. e.g. [22, 23, 54]), and has been studied with a viewpoint of
arithmetic topology (cf. [1, 34, 35, 52] etc.).
Let kcyc be the cyclotomic Zp-extension of k. A main object of Iwasawa theory is
the S-ramified Iwasawa module GS(k
cyc)ab, which is the abelianization of GS(k
cyc).
If P ⊂ S, then kcyc ⊂ kS, and hence GS(kcyc)ab can be studied as a subquotient of
GS(k) with the action of Gal(k
cyc/k) induced by inner automorphism. On the other
hand, we assume that S ∩ P = ∅ throughout the following. In a similar way, the
tamely ramified Iwasawa module GS(k
cyc)ab can be also studied as a subquotient of
the Galois group
G˜S(k) = Gal((k
cyc)S/k) ≃ GS(kcyc)⋊Gal(kcyc/k)
of the maximal pro-p-extension (kcyc)S/k which is unramified outside S ∪ P and
‘cyclotomically ramified’ at any v ∈ P . Since the pro-p group G˜S(k) is also finitely
presented (cf. [2, 44]), we can know the structure of any subquotient in principle if we
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obtain the explicit presentation of G˜S(k) by generators and relations. In particular
when S = ∅, (kcyc)∅ is the union of the p-class field towers of intermediate fields of
kcyc/k, and the closed subgroup G∅(k
cyc) of G˜∅(k) is a central object in nonabelian
Iwasawa theory of Zp-extensions ([40]). The purpose of this paper is to study these
subjects from a viewpoint of analogy between Iwasawa theory and Alexander-Fox
theory (cf. [15, 18, 26, 36, 51] etc.), regarding the pro-p Galois group G˜S(k) as an
analogue of a link group π1(X) (cf. Remark 3.6). A summary of results in each section
is the following.
In Section 2, we recall Salle’s Shafarevich type formula on the generator rank and
the relation rank of G˜S(k), by refering the results and arguments of [2, 44] with a
little refinement in the case where p = 2.
In Section 3, we obtain a Koch type presentation of G˜S(k) in some basic cases
(Theorems 3.1 and 3.2), where the relations modulo the 3rd step of the lower central
series are described by linking numbers of primes. If k = Q and the archimedean
prime ∞ ∈ S, the Rédei symbols appear in the relations modulo the 4th step of the
Zassenhaus filtration as the mod 2 Milnor numbers (Proposition 3.7 and Corollary
3.9). In particular, we obtain a triple of Borromean primes including p = 2 (Example
3.10). Moreover, by the arguments as in [2] etc., G˜S(Q) is a mild pro-p group of
deficiency zero if ∞ 6∈ S and S ∪{p} forms a ‘circular set’ of primes (cf. Section 3.5).
Then the cohomological dimension cd(G˜S(Q)) = 2.
In Section 4, we focus on Iwasawa polynomials, which are defined as the charac-
teristic polynomials of Iwasawa modules, and certainly analogous to Alexander poly-
nomials (cf. Remark 4.3). Then the Koch type presentation of G˜∅(k) induces another
proof of Gold’s theorem [10] (Theorem 4.2). IfQS contains a quadratic extensionK/Q
ramified at any v ∈ S \ {∞}, the unramified Iwasawa module X = G{∞}(Kcyc)ab (in
the narrow sense) is a subquotient of G˜S(Q). Following the arguments by Fröhlich
and Koch (cf. [22, 23, 52]), we obtain an approximation of the initial Fitting ideal of
X from the Koch type presentation of G˜S(Q) by the pro-2 Fox free differential cal-
culus (Theorem 4.4). In particular, for a certain family of imaginary quadratic fields
K, we calculate an approximation of the quadratic Iwasawa polynomial of X, which
is described by 4th power residue symbols (Theorem 4.7). An explicit presentation of
G˜{∞}(K) = Gal((K
cyc){∞}/K) is also calculated for a certain family of real quadratic
fields K (Theorem 4.10).
Notations. For a pro-p group G, we denote by [h, g] = h−1g−1hg the commutator
of g, h ∈ G. For a closed subgroup H of G, [H,G] (resp. Hpn) denotes the minimal
closed subgroup containing {[h, g] | h ∈ H, g ∈ G} (resp. {hpn | h ∈ H}). Then
Gab = G/[G,G]. The ith cohomology group with coefficients in Fp = Z/pZ is denoted
by H i(G) = H i(G,Z/pZ). For a set Y , |Y | denotes the cardinality. For objects x
and y, δx,y = 1 if x = y, and δx,y = 0 otherwise.
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2 Generator rank and relation rank
2.1 Pro-p class field theory. First, we recall the idèlic class field theory by
[17]. For each prime v of k, we put k̂×v = lim←− k
×
v /(k
×
v )
pn, where kv is the completion
of k at v. For a nonarchimedean prime v, we put Uv = lim←−Uv/Up
n
v ⊂ k̂×v , where
Uv = Ker(k
×
v
v→ Z) is the unit group of the local field kv. The local class field theory
yields that Gal(kab,pv /kv) ≃ k̂×v and Gal(kur,pv /kv) ≃ k̂×v /Uv, where kab,pv denotes the
maximal abelian pro-p-extension of kv, and k
ur,p
v denotes the unramified Zp-extension
of kv. For the cyclotomic Zp-extension k
cyc
v of kv, put
Nv = Ker(k̂×v ։ lim←− k
×
v /Nkcycv,n/kv(k
cyc
v,n)
×) ≃ Ker(Gal(kab,pv /kv)։ Gal(kcycv /kv)),
where kcycv,n denotes the subextension of k
cyc
v such that [k
cyc
v,n : kv] = p
n. Then we put
U˜v = Uv ∩ Nv. Note that U˜v = Uv = Nv (i.e., kcycv = kur,pv ) if v 6∈ P , and that
k̂×v /U˜v ≃ Gal(kur,pv kcycv /kv) ≃ Z2p if v ∈ P . On the other hand, we put U˜v = Uv = k̂×v
for archimedean v|∞, where we note that k̂×v ≃ R×/R>0 if p = 2 and v is real, and
k̂×v = 1 otherwise.
Example 2.1 (cf. e.g. [53, Appendix §3]). Suppose that kv = Qp. Then k̂×v = p
ZpUv.
If p 6= 2, we have Uv = (1 + p)Zp, Nv = pZp and U˜v = {1}. If p = 2, we have
Uv = 〈−1〉5Z2, Nv = 〈−1〉2Z2 and U˜v = 〈−1〉.
Let Jk = Ker(
∏
v k̂
×
v →
∏
v(k̂
×
v /Uv)/
⊕
v(k̂
×
v /Uv)) be the idèles of k as defined
in [17], and put k× = k× ⊗ Zp ⊂ Jk, where we identify k× with the image of the
diagonal embedding k× → lim←− k×/(k×)p
n diag.−→ Jk (cf. [17, Remaques 1 (iii), Théorème
et définition 1.4]). We also identify k̂×w with k̂
×
w ×
∏
v 6=w{1} ⊂ Jk for each prime w
of k. The reciprocity map in the pro-p version of global class field theory [17] is the
isomorphism
rec : Jk/k× ≃−→ Gal(kab,p/k)(2.1)
such that rec(Uvk×/k×) (resp. rec(k̂×v k×/k×)) is the inertia group (resp. decomposi-
tion group) of each prime v, where kab,p is the maximal abelian pro-p-extension of k.
In particular, we have Jk/Uk× ≃ G∅(k)ab, where U =
∏
v Uv. Recall that S ∩ P = ∅.
Put
U˜S =
∏
v 6∈S
U˜v =
∏
v 6∈S∪P
Uv ×
∏
v∈P
U˜v ×
∏
v∈S
{1} ⊂ U .
Then we have the following isomorphism.
Proposition 2.2 (cf. [44, Proposition 1.2]). The reciprocity map (2.1) induces an
isomorphism
recS : Jk/U˜Sk× ≃−→ G˜S(k)ab.
Proof. See the proof of [44, Proposition 1.2] with the consideration of the ramification
of v|∞. The same arguments hold for S containing some v|∞.
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2.2 Generator rank and Kummer groups. The map k× = k× ⊗ Zp →
lim←− k×/(k×)p
n
։ k×/(k×)p induces an isomorphism
k×/(k×)p ≃ k×/(k×)p : a(k×)p 7→ (a⊗ 1)(k×)p.(2.2)
Put V = UJ pk ∩ k× and V˜S = U˜SJ pk ∩ k×. Then k×
p ⊂ V˜S ⊂ V . Since k̂×v /(k̂×v )p ≃
k×v /(k
×
v )
p and Uv/Upv ≃ Uv/Upv for each v, and since k̂×v /Nv(k̂×v )p ≃ k×v /Nkcycv,1/kv(k
cyc
v,1 )
×
for v ∈ P , we have
V˜S/(k×)
p ≃ B˜S/(k×)p ⊂ BS/(k×)p ⊂ B∅/(k×)p ≃ V/(k×)p(2.3)
under the isomorphism (2.2), where B∅ consists of a ∈ k× such that the principal ideal
(a) = ap is a pth power of an ideal a of k, and BS = {a ∈ B∅ | a ∈ (k×v )p for all v ∈ S},
B˜S = {a ∈ BS | a ∈ (Nkcycv,1/kv(k
cyc
v,1 )
× ∩ Uv)(k×v )p for all v ∈ P}.
There is also an exact sequence
0 // Ek/E
p
k
// B∅/(k
×)p
a(k×)p 7→[a] // Cl(k)
p // Cl(k) ,(2.4)
where Ek is the unit group of k, and Cl(k) is the ideal class group of k.
Remark 2.3. The following facts are induced from (2.3) and (2.4): If p 6= 2 and
either k = Q or k is an imaginary quadratic field with class number hk = |Cl(k)|
not divisible by p, then B˜S = B∅ = (k
×)p except when p = 3 and k = Q(
√−3).
If p = 2 and k = Q, and if S contains ∞ or a prime number q ≡ 3 (mod 4), then
B˜S = BS = (k
×)p (cf. [23, Example 11.12]).
Then we have the following formula.
Proposition 2.4 (cf. [44, Théorème 3.3]). Under the settings above, the minimal
number d˜S of generators of G˜S(k) is
d˜S = dimFp H
1(G˜S(k)) = |S|+ |P |+ dimFp B˜S/(k×)p − dimFp Ek/Epk .
Proof. See the proof of [44, Théorème 3.3] (cf. also [2, Theorem 3.5 (i)]) with the
consideration of the ramification of v|∞. Since Uv/Upv ≃ Z/pZ also for archimedean
v ∈ S, the same arguments hold.
2.3 Relation rank and the Shafarevich kernel. Let kpro-pv (resp. k
pro-p)
be the maximal pro-p-extension of kv (resp. k). We fix an embedding k
pro-p ⊂ kpro-pv
for each v. Then
Gv = Gal(k
pro-p
v /kv)
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is identified with the decomposition subgroup of G = Gal(kpro-p/k) for a fixed prime
v|v of kpro-p (cf. e.g. [48, II, §6.1]), and G˜S,v = Gal((kcyc)Skv/kv) is also identified with
the decomposition subgroup of G˜S(k) = Gal((k
cyc)S/k) for the prime v˜ of (k
cyc)S such
that v|v˜. Since the maximal unramified pro-p-extension of kcycv is kur,pv kcycv , we have
(kcyc)Skv ⊂ kur,pv kcycv if v 6∈ S and v ∤ ∞, particularly if v ∈ P . For each v ∈ P , we
denote by
Gcrv = Gal(k
ur,p
v k
cyc
v /kv) ≃ Z2p
the maximal ‘cyclotomically ramified’ quotient of Gv. Put
X
2(G˜S(k)) = Ker
(
H2(G˜S(k))
loc−→ ⊕
v∈S∗
H2(Gv)⊕
⊕
v∈P
H2(Gcrv )
)
with the localization map loc induced from {Gv
ϕv
։ G˜S,v ⊂ G˜S(k)}v∈S∗ and {Gcrv
ϕv
։
G˜S,v ⊂ G˜S(k)}v∈P , where S∗ = S \ {w} with an arbitrary (but suitable) w ∈ S if
S 6= ∅ and k contains a primitive pth root ζp of unity, and S∗ = S otherwise.
By [44, Théorème 4.1] with a refinement in the case where p = 2, we obtain the
following theorem.
Theorem 2.5 (cf. [44, Théorème 4.1]). Under the settings above, an inequality
dimFp X
2(G˜S(k)) ≤ dimFp B˜S/(k×)p(2.5)
is satisfied, and the minimal number r˜S of relations of G˜S(k) satisfies
r˜S = dimFp H
2(G˜S(k)) ≤ dimFp X2(G˜S(k)) + |S| − (1− δS,∅)θ + |P |,(2.6)
where θ = 1 if ζp ∈ k, and θ = 0 otherwise.
Proof. Following the proof of [2, Theorem 3.5] (cf. also [44, Théorème 4.1]), we give a
summary proof valid also for p = 2. Let Iv be the inertia subgroup of Gv. Since Gv is
the decomposition subgroup of G for v|v, and since kcycv = kcyckv, Iv∩Gal(kpro-pv /kcycv )
is the inertia subgroup of Gal(kpro-p/kcyc) for v. For each v, we put Hv = Gv/Dv with
Dv defined as follows:
· Dv = Iv if v 6∈ S ∪ P . Then Hv ≃ Zp if v ∤∞, and Hv ≃ 1 if v|∞.
· Dv = Iv ∩Gal(kpro-pv /kcycv ) if v ∈ P . Then Hv = Gcrv ≃ Z2p.
· Dv = {1} if v ∈ S. Then Hv = Gv.
Then G˜S = G˜S(k) ≃ G/DS, where DS = 〈
⋃
v 6∈S Dv〉G is the minimal closed normal
subgroup of G containing Dv for all v 6∈ S. Put
P0 = {v ∈ P | 0→ H2(Hv) inf−→ H2(Gv) (exact)}
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(For example, P0 = ∅ if p 6= 2, and P0 = P if p = 2 and k = Q. cf. [2, Lemma 2.2]
and [44, Proposition 4.8 (4)].) As in [44, §4], the five term exact sequence induces
the exact rows of commutative diagrams
0 //H1(G)/H1(G˜S)
res //
φ

H1(DS)
G˜S
tg //
φ1
Ker(Inf1) //
φ2

0
0 //
⊕
v 6∈S
H1(Gv)/H
1(Hv)
res //
⊕
v 6∈S
H1(Dv)
Hv
tg // Ker(Inf2) // 0
(2.7)
and
0 // Ker(Inf1) //

φ2
''
H2(G˜S)
Inf1 //
loc′

H2(G)
Res

0 //
⊕
v∈P\P0
H2(Hv) //
≃
⊕
v 6∈S\S∗
H2(Hv)
inf //

⊕
v 6∈S\S∗
H2(Gv)

0 // Ker(Inf2) //
⊕
v 6∈S
H2(Hv)
Inf2 //
⊕
v 6∈S
H2(Gv)
(2.8)
where we note the following: The injective map φ1 is well-defined as the dual of
φ∨1 :
∏
v 6∈SDv/D
p
v[Dv, Gv] ։ DS/D
p
S[DS, G], and hence φ is also well-defined. Since
H2(Hv) ≃ 0 if v 6∈ S ∪ P , the map loc′ is also well-defined. Since Res is well-defined
and injective (cf. [23, Theorems 11.1 and 11.2]), we have X2(G˜S(k)) = Ker(loc
′) ≃
Kerφ2 by the snake lemma for a diagram induced from the upper half of (2.8). The
snake lemma for (2.7) yields an injective homomorphism
X
2(G˜S(k)) →֒ Coker φ.
There is also a commutative diagram
U˜S/U˜pS
ξ //
ξ′

Jk/k×J pk //
≃
Jk/U˜Sk×J pk //
≃

0
0 // DS/(DS ∩Gp[G,G]) // Gab/p // G˜abS /p // 0
0 //
∏
v 6∈S
Dv/D
p
v[Gv, Gv]
//
φ∨
OO
≃
44
∏
v 6∈S
G
ab
v /p
//
∏
v 6∈S
Hv/p // 0
with exact rows, where we note that Dv ∩ Gpv[Gv, Gv] = Dpv[Gv, Gv] if v 6∈ S by [2,
Lemma 3.9]. Since the continuous surjective homomorphism φ∨ is the dual of φ in
(2.7), and since k× ∩ J pk = (k×)p by Hasse principle (cf. e.g. [11, II, Theorem 6.3.3])
and (2.2), we have
Hom(Coker φ,Fp) ≃ Kerφ∨ ≃ Ker ξ′ ≃ Ker ξ
≃ (U˜S ∩ k×J pk )J pk /J pk = V˜SJ pk /J pk ≃ V˜S/(k×)p.
6
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Therefore the injection X2(G˜S(k)) →֒ Hom(B˜S/(k×)p,Fp) yields the inequality (2.5).
If v ∈ S ∪ P and v ∤ ∞, then Hv ≃ Zp ⋊ Zp (cf. [23, Theorem 10.2]). Since
H2(Hv) ≃ Z/pZ if v ∈ S∗ ∪ P , the inequality (2.6) also holds by the definition of
X
2(G˜S(k)).
Several consequences are also refined when p = 2 as follows.
Corollary 2.6 (cf. [44, Corollarie 4.3]). The second partial Euler-Poincaré charac-
teristic χ2(G˜S(k)) = 1− d˜S + r˜S satisfies
χ2(G˜S(k)) ≤ 1 + dimFp Ek/Epk − (1− δS,∅)θ.
In particular, χ2(G˜S(Q)) ≤ 1.
Proof. The inequalities are induced from Proposition 2.4 and Theorem 2.5, where we
note that G˜∅(Q) ≃ G{p}(Q) ≃ Zp.
Corollary 2.7 (cf. [2, Corollary 3.11]). If
|S|+ |P | ≥ dimFp Ek/Epk + 2 + 2
√
1 + dimFp Ek/E
p
k − (1− δS,∅)θ,
then G˜S(k) and GS(k
cyc) are not p-adic analytic. In particular, G˜S(Q) and GS(Q
cyc)
are not p-adic analytic if |S| ≥ 3+ δp,2. Moreover, G˜∅(k) and G∅(kcyc) are not p-adic
analytic if k/Q is a totally imaginary extension of degree [k : Q] ≥ 4(3 + θ) in which
p splits completely.
Proof. Note that dimFp Ek/E
p
k ≥ 1 if θ = 1. The inequality 1 + dimFp Ek/Epk − (1 −
δS,∅)θ ≤ 0 can not occur. Hence d˜S ≥ |S|+ |P |−dimFp Ek/Epk ≥ 3 by Proposition 2.4
and the assumption. Suppose that G˜S(k) is p-adic analytic. Then G˜S(k) has ‘finite
rank’ (cf. [3, Theorem 8.36]), and hence the Golod-Shafarevich inequality r˜S >
1
4
(d˜S)
2
is satisfied (cf. [3, Theorem D1]). By Proposition 2.4 and Theorem 2.5, we have
(d˜S)
2 < 4r˜S ≤ 4(d˜S + dimFp Ek/Epk − (1− δS,∅)θ),
and hence
|S|+ |P | − dimFp Ek/Epk ≤ d˜S < 2 + 2
√
1 + dimFp Ek/E
p
k − (1− δS,∅)θ.
This contradicts the assumption. Therefore G˜S(k) is not p-adic analytic. Since
G˜S(k)/GS(k
cyc) ≃ Zp, GS(kcyc) is also not p-adic analytic. (cf. [3, Exercise 3.1,
Corollary 8.33, Theorem 8.36]).
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Remark 2.8. All sets S with prometacyclic GS(Q
cyc) have been characterized arith-
metically (cf. [16, 31, 33]). Then G˜S(Q) is p-adic analytic, and actually there exists
such S of cardinality |S| = 2 + δp,2. There are other examples of prometacyclic
GS(k
cyc) for p = 2 and quadratic k/Q (cf. [28, 30, 45] and Theorem 4.10). Moreover,
all imaginary quadratic fields k with prometacyclic (or abelian) G∅(k
cyc) have been
characterized (cf. [29, 32, 39]). There also exists p such that G∅(Q(ζp)
cyc) is abelian
and not procyclic (cf. [49]).
Example 2.9 (cf. [31, Theorems 7.3 and 9.2]). Suppose that p = 2 and k = Q. If
S = {ℓ1, ℓ2} (ℓ1 6= ℓ2) with ℓ1 ≡ ℓ2 ≡ 3 (mod 8), then G˜S(Q) ≃ Z2 ⋊ Z2, d˜S = 2,
r˜S = 1, and χ2(G˜S(Q)) = 0. If S = {ℓ,∞} with ℓ ≡ 7 (mod 16), then G˜S(Q) ≃
D2∞ ⋊ Z2, d˜S = r˜S = 2, and χ2(G˜S(Q)) = 1, where GS(Q
cyc) ≃ D2∞ ≃ Z2 ⋊ (Z/2Z)
is a prodihedral pro-2 group.
Example 2.10 (cf. [33, Theorem 1]). Suppose that p 6= 2, k = Q and S = {ℓ1, ℓ2}
with ℓ1 6≡ 1 (mod p2), ℓ2 6≡ 1 (mod p2) such that G∅(Kcyc) ≃ {1} for the p-extension
K = Q{ℓ1}Q{ℓ2} of degree p
2. (All such S have been characterized arithmetically
in [55].) Then G˜S(Q) ≃ ((Z/p2Z) ⋊ Zp) ⋊ Zp, d˜S = r˜S = 3, and χ2(G˜S(Q)) = 1.
Moreover, there is a minimal presentation
1 // R // F // G˜S(Q) // 1
with a free pro-p group F generated by {a, b, c}, and the normal subgroup R nor-
mally generated by {a−p[a, b], [a, c], a−pb−p[b, c]}. One can see that ap2 ∈ R from a
calculation of c−1(a−p[a, b])c ∈ R. There is also a similar example for p = 2 (cf. [33,
Theorem 2]).
3 Finite presentation
3.1 Koch type presentation. Suppose that k = Q. For each prime number
ℓ ∈ S, we fix an integer αℓ such that αℓ + ℓZ is a generator of cyclic group (Z/ℓZ)×.
For a pair (ℓ, ℓ′) of prime numbers ℓ, ℓ′ ∈ S ∪ {p}, we define the linking number
lk(ℓ, ℓ′) as follows: If ℓ 6= ℓ′ ≡ 1 (mod p), then lk(ℓ, ℓ′) is an integer such that
ℓ−1 ≡ αlk(ℓ,ℓ′)ℓ′ mod ℓ′
and 0 ≤ lk(ℓ, ℓ′) < ℓ′. If ℓ 6= ℓ′ = p, then lk(ℓ, p) ∈ Zp is a p-adic integer satisfying
ℓ =
{
(1 + p)lk(ℓ,p) if p 6= 2,
(−1) ℓ−12 5lk(ℓ,p) if p = 2.
If ℓ = ℓ′, we put lk(ℓ, ℓ′) = 0.
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Theorem 3.1. Assume that k = Q and
S =
{
{ℓ1, · · · , ℓd} if p 6= 2,
{ℓ1, · · · , ℓd,∞} or {ℓ1, · · · , ℓd, q} if p = 2,
where ℓi ≡ 1 (mod p) for 1 ≤ i ≤ d, and q ≡ 3 (mod 4). Put ℓ0 = p. Then G˜S(Q)
has a minimal presentation
1 // R // F
π // G˜S(Q) // 1
where F = 〈x0, x1, · · · , xd〉 is a free pro-p group with d + 1 generators xi such that
π(xi) generates the inertia group of a prime ℓ˜i of (Q
cyc)S lying over ℓi, and R =
〈r0, r1, · · · , rd〉F is a normal subgroup of F normally generated by d + 1 relations ri
of the form
ri =
{
[x−10 , y
−1
0 ] if i = 0,
xℓi−1i [x
−1
i , y
−1
i ] if 1 ≤ i ≤ d
with yi ∈ F such that π(yi) is a Frobenius automorphism of ℓ˜i in G˜S(Q), and
yi ≡

d∏
j=0
x
lk(ℓi,ℓj)
j mod [F, F ] if p 6= 2 or ∞ ∈ S,
x
lk(ℓi,ℓ0)
0
d∏
j=1
x
lk(ℓi,ℓj)+
ℓj−1
2
lk(ℓi,q)
j mod [F, F ] otherwise.
On the other hand, we suppose that p 6= 2 and k is an imaginary quadratic field
with class number hk 6≡ 0 (mod p). Assume that k 6= Q(
√−3) if p = 3. For each
prime ideal v ∈ S ∪ P , we fix a generator βv ∈ Ok of the principal ideal βvOk = vhk ,
where Ok denotes the ring of algebraic integers in k. For each v ∈ S, we fix an
element αv ∈ Ok ∩ Uv such that (Ok/v)× = 〈αv mod v〉. For each v ∈ P , we also
fix αv ∈ Uv such that Uv/U˜v = 〈ιv(αv)U˜v〉 ≃ Zp, where ιv : k×v → k̂×v is the natural
homomorphism. If kv = Qp, we choose αv = (1 + p)
−1 (cf. Example 2.1). For a pair
(v, w) of prime ideals v, w ∈ S ∪ P , the linking number lk(v, w) is defined as follows:
If v 6= w ∈ S, then lk(v, w) is an integer such that
β−1v ≡ αlk(v,w)w mod w
and 0 ≤ lk(v, w) < |Ok/w|. If v 6= w ∈ P , then lk(v, w) ∈ Zp is a p-adic integer
satisfying
ιw(βv)
−1 ≡ ιw(αw)lk(v,w) mod U˜w.
If v = w, we put lk(v, w) = 0.
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Theorem 3.2. Assume that p 6= 2 and k is an imaginary quadratic field with class
number hk 6≡ 0 (mod p), and that k 6= Q(
√−3) if p = 3. Then G˜S(k) has a minimal
presentation
1 // R // F π // G˜S(k) // 1
where F is a free pro-p group with generators {xv}v∈S∪P such that π(xv) generates
the inertia group of a prime v˜ of (kcyc)S lying over v, and R is a normal subgroup of
F normally generated by {rv}v∈S∪P of the form
rv =
{
[x−1v , y
−1
v ] if v ∈ P,
x
|Nk/Qv|−1
v [x−1v , y
−1
v ] if v ∈ S
with yv ∈ F such that π(yv) is a Frobenius automorphism of v˜ and
yv ≡
∏
w∈S∪P
xlk(v,w)w mod [F, F ].
Remark 3.3. Suppose that p splits in k as pOk = p1p2. Then P = {p1, p2}, U˜pi = {1},
and αpi = (1+p)
−1. Since ιpi is injective from U
p−1
pi , the linking number lk(v, pi) ∈ Zp
satisfies
βp−1v = (1 + p)
(p−1)lk(v,pi) ∈ kpi.
Hence lk(v, pi) ≡ 0 (mod pn) for 1 ≤ n ∈ Z if and only if βp−1v ≡ 1 (mod pn+1i ).
Since an isomorphism kp1
≃→ kp2 is induced from the nontrivial element of Gal(k/Q),
we have lk(p1, p2) = lk(p2, p1).
3.2 Proof of Theorems 3.1 and 3.2. Put S ′ = S \{∞} if∞ ∈ S, and S ′ = S
otherwise. Put S∗ = S \ {q} if p = 2 and ∞ 6∈ S, and put S∗ = S ′ otherwise. If
k = Q, we put αp = (1 + p)
−1 or αp = 5
−1 according to p 6= 2 or p = 2, and put
βℓ = ℓ for each prime number ℓ ∈ S ′ ∪ {p}.
Let ιv : k
×
v → k̂×v be the natural homomorphism for each prime v. Note that
Uv/(Uv ∩ Kerιv) is the maximal pro-p quotient of Uv if v ∤ ∞. If v ∈ S ′, the finite
cyclic p-group Uv is generated by ιv(αv), and
ιv(βw)
−1 = ιv(αv)
lk(w,v)
for w ∈ (S ′ \ {v}) ∪ P . If v ∈ P , we have Uv/U˜v = 〈ιv(αv)U˜v〉 ≃ Zp and
ιv(βw)
−1 ≡ ιv(αv)lk(w,v) mod U˜v
for w ∈ S ′ ∪ (P \ {v}) (cf. Example 2.1). Then we obtain the following congruences
in Jk ⊂
∏
v k̂
×
v ;
ιw(βw) = (ιw(βw), (1)v 6∈{w}) ≡ (1, (ιv(βw)−1)v 6∈{w})
≡ ((1)v 6∈(S′∪P )\{w}, (ιv(βw)−1)v∈(S′∪P )\{w})
≡ ∏
v∈S′∪P
ιv(αv)
lk(w,v) mod U˜Sk×,(3.1)
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where we note that βw ⊗ 1 ∈ k×, and that βℓ = ℓ ∈ R>0, i.e., ιv(βℓ) = 1 ∈ k̂×v if
v =∞ ∈ S. If p = 2 and ∞ 6∈ S, then k = Q, and
1 ≡ (ιv(−1))v ≡ ((1)v 6∈S, (ιv(αv) v−12 )v∈S) ≡ ιq(αq)−1
∏
v∈S∗
ιv(αv)
v−1
2 mod U˜Sk×,
(3.2)
where we note that −1 ∈ U˜p (cf. Example 2.1), and that q−12 ≡ −1 (mod 2), i.e.,
Uq ≃ Z/2Z. Note that βv̟−hkv ∈ Uv for arbitrary uniformizer ̟v of kv, where hk = 1
if k = Q. Since hk ∈ Z×p , we have k̂×v /Uv = 〈ιv(βv)Uv〉 ≃ Zp for v ∈ S ′ ∪ P .
Recall that G˜S,v is identified with the decomposition subgroup of G˜S = G˜S(k) for
each fixed prime v˜|v of (kcyc)S. Let I˜v ⊂ G˜S,v be the inertia subgroup. If v 6∈ P and
v ∤ ∞, then the inertia subgroup of Gv ≃ Zp ⋊ Zp is isomorphic to Zp (cf. e.g. [23,
Theorem 10.2]), and hence I˜v is also procyclic. If v ∈ P , then (kcyc)Skv ⊂ kur,pv kcycv ,
and hence
I˜v = Gal((k
cyc)Skv/(k
cyc)Skv ∩ kur,pv ) ≃ Gal(kur,pv kcycv /kur,pv ) ≃ Zp.
Proposition 2.2 implies the existence of a Frobenius element σv ∈ G˜S,v and a generator
τv of procyclic I˜v for v ∈ S ′ ∪ P such that
recS(ιv(βv)U˜Sk×) = σhkv [G˜S, G˜S], recS(ιv(αv)U˜Sk×) = τhkv [G˜S, G˜S].(3.3)
Since k has no p-extensions unramified outside S\S∗, the pro-p group G˜S is generated
by {τv}v∈S∗∪P . Since d˜S = |S∗ ∪ P | by Remark 2.3 and Proposition 2.4, G˜S has a
minimal presentation
1 // R // F
π // G˜S // 1
with a free pro-p group F generated by {xv}v∈S∗∪P such that π(xv) = τv. By (3.1),
(3.2) and (3.3), there is an element yw ∈ F for each w ∈ S∗∪P such that π(yw) = σw
and
yw ≡

∏
v∈S′∪P
x
lk(w,v)
v mod [F, F ] if p 6= 2 or ∞ ∈ S,( ∏
v∈S∗
x
v−1
2
v
)lk(w,q) ∏
v∈S∗∪P
x
lk(w,v)
v mod [F, F ] otherwise.
For v ∈ S∗ ∪ P , we put
Hv =
{
Gv ≃ Zp ⋊ Zp if v ∈ S∗,
Gcrv ≃ Zp × Zp if v ∈ P,
(3.4)
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as in the proof of Theorem 2.5, and let Fv be a free pro-p group generated by {sv, tv}.
Then there exists a commutative diagram
1 // R // F
π // G˜S // 1
1 // Rv //
OO
Fv
πv //
χv
OO
Hv //
ϕv
OO
1
with minimal presentations of Hv, such that χv(tv) = xv, χv(sv) = yv, ϕv(Hv) = G˜S,v,
and πv(sv) (resp. πv(tv)) is a Frobenius element (resp. a generator of the inertia
subgroup) of Hv, where Rv is a normal subgroup of Fv normally generated by either
t
|Nk/Qv|−1
v [t−1v , s
−1
v ] or [t
−1
v , s
−1
v ] according to v ∈ S∗ or v ∈ P (cf. [23, Theorem 10.2]).
Since X2(G˜S) = {0} by Remark 2.3 and Theorem 2.5, the localization map
H2(G˜S)
loc−→ ⊕
v∈S∗∪P
H2(Hv)
(which is induced from {ϕv}v∈S∗∪P ) is injective, and hence R is normally generated
by
{ x|Nk/Qv|−1v [x−1v , y−1v ] }v∈S∗ and { [x−1v , y−1v ] }v∈P
as a normal subgroup of F (cf. [23, Theorem 6.14]). Thus the proof of Theorems 3.1
and 3.2 is completed.
Remark 3.4. Suppose that p = 2,∞ ∈ S and ℓd ≡ 3 (mod 4) in the case of Theorem
3.1. If we put α∞ = −1 and H∞ = G∞ ≃ Z/2Z, then
1 ≡ (ιv(−1))v ≡ ιℓd(αℓd)−1ι∞(α∞)
∏
v∈S\{∞,ℓd}
ιv(αv)
v−1
2 mod U˜Sk×,
and hence the same arguments using S \ {ℓd} instead of S∗ yield the existence of x∞
and {ηi}0≤i<d such that 1 6= π(x∞) ∈ I˜∞ = G˜S,∞ ≃ Z/2Z,
xd ≡ x∞
d−1∏
j=1
x
ℓj−1
2
j mod [F, F ],
ηi ≡ xlk(ℓi,ℓ0)0 xlk(ℓi,ℓd)∞
d−1∏
j=1
x
lk(ℓi,ℓj)+
ℓj−1
2
lk(ℓi,ℓd)
j mod [F, F ],
and R is normally generated by { xℓi−1i [x−1i , η−1i ] }1≤i<d, [x−10 , η−10 ] and x2∞.
Remark 3.5. Let γ be the element of Gal(k(µp∞)/k) such that γ(ζ) = ζ
κ for any
ζ ∈ µp∞, where κ = 1 + p or κ = 5 according to p 6= 2 or p = 2, and µp∞ denotes
the group of p-power roots of unity. If kv = Qp for v ∈ P , there is a commutative
diagram
k×v
ιv mod U˜Sk× //
ρ

Jk/U˜Sk× recS // G˜abS
|kcyc // Gal(kcyc/k)
Gal(Qp(µp∞)/Qp)
≃ // Gal(k(µp∞)/k)
|kcyc
OO
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with the reciprocity map ρ of local class field theory, which satisfies ρ(αv)(ζ) = ζ
α−1v =
ζκ for any ζ ∈ µp∞ (cf. e.g. [11, II, Exercise 3.4.3]). Then we have π(xv)hk |kcyc = γ|kcyc.
In particular, π(x0)|Qcyc = γ|Qcyc for x0 ∈ F of Theorem 3.1.
Remark 3.6. A link group π1(X) is the fundamental group of the complement X of the
open tubular neighborhood
⊔d
i=1 V
◦
Ki
of a link L =
⊔d
i=1 Ki in a rational homology 3-
sphere M. The image of π1(∂VKi) ≃ Z×Z in π1(X) is analogous to the decomposition
group of a ramified prime v ∈ S∗ ∪ P in G˜S(k), which is a quotient of the local
Galois group Hv ≃ Zp ⋊Zp (cf. (3.4)). Hence the Koch type presentation of G˜S(k) is
analogous to a Milnor presentation of π1(X) (cf. e.g. [36]).
3.3 Preliminaries for consequences. Let G be a pro-p group. Put G1 = G,
and put Gn = [Gn−1, G] for 2 ≤ n ∈ Z recursively. Then {Gn}n≥1 is the lower
central series of G. Put G(n) = {g ∈ G | g − 1 ∈ (IG)n} for 1 ≤ n ∈ Z, where
IG = Ker(Fp[[G]] → Fp) is the augmentation ideal of Fp[[G]]. Then G(1) = G and
{G(n)}n≥1 is the Zassenhaus filtration of G. Put [g1, g2, g3] = [[g1, g2], g3] ∈ G3 for
g1, g2, g3 ∈ G.
Let F = 〈x0, x1, · · · , xd〉 be a free pro-p group generated by {xi}0≤i≤d. Let εZp[[F ]] :
Zp[[F ]]→ Zp be the augmentation map, and ∂∂xi : Zp[[F ]]→ Zp[[F ]] be the pro-p Fox
derivative. For a multi-index I = (i1 · · · in) with 0 ≤ i1, · · · , in ≤ d and y ∈ F , we
put
εI(y) = εZp[[F ]]
( ∂ny
∂xi1 · · ·∂xin
)
∈ Zp
which is the coefficient of Xi1 · · ·Xin in the expansion of y by the pro-p Magnus
isomorphism
Mˆ : Zp[[F ]] ≃ Zp〈〈X1, · · · , Xd〉〉 : xj 7→ 1 +Xj
(cf. [36, Proposition 8.14]). We also put
εI,p(y) = εI(y) + pZp ∈ Fp
the mod p Magnus coefficient.
Suppose that F is the free pro-p group in Theorem 3.1, and let yi ∈ F be the
element obtained in Theorem 3.1. Then π(yi) is an analogue of the longitude of a
component of a link, and the mod p Milnor number
µp(i1 · · · ini) = εI,p(yi)
for a multi-index (i1 · · · ini) is defined.
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3.4 Rédei symbols. We consider the case where p = 2 and S = {ℓ1, · · · , ℓd,∞}.
Put ℓ∗0 = ℓ0 = 2, and put ℓ
∗
i = (−1)
ℓi−1
2 ℓi ≡ 1 (mod 4) for 1 ≤ i ≤ d. For 0 ≤ i ≤ d,
the elements yi in Theorem 3.1 can be written in the form
yi ≡ xlk(ℓi,ℓd)d · · ·xlk(ℓi,ℓ1)1 xlk(ℓi,ℓ0)0
∏
a<b
[xa, xb]
ciab mod F3(3.5)
with some ciab = −ciba ∈ Z2, where all pairs (a, b) with 0 ≤ a < b ≤ d run in the
product. Assume that there are distinct prime numbers ℓa, ℓb ∈ S ∪ {2} satisfying
lk(ℓa, ℓb) ≡ lk(ℓb, ℓa) ≡ 0 (mod 2).(3.6)
For such ℓa and ℓb, the quadratic field Q(
√
ℓ∗aℓ
∗
b) has a unique cyclic extension K(a,b)
of degree 4 unramified outside ∞ (cf. e.g. [56]). Then Q(√ℓ∗a,√ℓ∗b) ⊂ K(a,b), and
K(a,b)/Q is the Rédei extension, which is a dihedral extension of degree 8 unramified
outside {ℓa, ℓb,∞}. Moreover if a prime number ℓi (0 ≤ i ≤ d) satisfies
lk(ℓi, ℓa) ≡ lk(ℓi, ℓb) ≡ 0 (mod 2),(3.7)
then a prime ideal li of Q(
√
ℓ∗aℓ
∗
b) lying over ℓi splits in Q(
√
ℓ∗a,
√
ℓ∗b), and the Rédei
symbol (cf. [43]) for such triple (ℓa, ℓb, ℓi) can be defined as
[ℓa, ℓb, ℓi] = [ℓb, ℓa, ℓi] =
{
1 if li splits completely in K(a,b),
−1 otherwise.
The following proposition relates ciab, [ℓa, ℓb, ℓi], and the mod 2 Milnor number
µ2(abi).
Proposition 3.7. Under the settings above, we have
[ℓa, ℓb, ℓi] = (−1)ciab = (−1)µ2(abi)
if (3.6) and (3.7) are satisfied.
Proof. Let
1 // R // F
π // G˜S(Q) // 1
be the presentation of G˜S(Q) obtained in Theorem 3.1. Let N(a,b) be the minimal
normal subgroup of F including {xj|j 6∈ {a, b}} ∪ {x2a, x2b}. By Theorem 3.1 and
(3.6), we have ya, yb ∈ F2N(a,b), and hence ra, rb ∈ F3N(a,b). Since rj ∈ N(a,b) for any
j 6∈ {a, b}, we have R ⊂ F3N(a,b). Since
(xaxb)
2 ≡ [xa, xb] mod N(a,b),
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F/F2N(a,b) is an elementary abelian 2-group of order at most 4. Since
[xa, xb]
2 ≡ [x2a, xb] ≡ 1 mod F3N(a,b),
F2N(a,b)/F3N(a,b) is a cyclic group generated by [xa, xb]F3N(a,b) of order at most 2.
Recall that the ramification indices of any ramified primes are 2 in the dehedral
extension K(a,b)/Q of order 8 which is unramified outside {ℓa, ℓb,∞}. Hence π induces
an isomorphism
F/F3N(a,b) ≃ Gal(K(a,b)/Q) : xF3N(a,b) 7→ π(x)|K(a,b).
By (3.5) and (3.7), we have
yi ≡ [xa, xb]ciab mod F3N(a,b).
If i 6∈ {a, b}, ℓi splits completely in Q(
√
ℓ∗a,
√
ℓ∗b) by (3.7). Then π(yi)|K(a,b)
generates the decomposition group of any primes lying over ℓi by Theorem 3.1, and
hence we have [ℓa, ℓb, ℓi] = (−1)ciab. Suppose that i ∈ {a, b}. Then ℓi splits in Q(
√
ℓ∗j)
for i 6= j ∈ {a, b} by (3.6). By the definition of Rédei symbol, we have [ℓa, ℓb, ℓi] = −1
if and only if Q(
√
ℓ∗j) is equal to the decomposition field of any primes of K(a,b) lying
over ℓi. By Theorem 3.1, the elements π(xi)|K(a,b), π(yi)|K(a,b) of order at most 2
generate the decomposition group of the prime of K(a,b) which is the restriction of ℓ˜i.
Hence we have [ℓa, ℓb, ℓi] = (−1)ciab.
Put hi = [xa, xb]
−ciabyi ∈ F3N(a,b). By the basic properties of mod 2 Magnus
coefficients (cf. e.g. [52, Proposition 2.18]), we have
ε(ab),2([xa, xb]) = 1,
ε(ab),2(yi) = ε(ab),2([xa, xb]
ciab) + ε(a),2([xa, xb]
ciab)ε(b),2(hi) + ε(ab),2(hi),
and εI,2(g
−1hh′g) = 0 for any g ∈ F and I ∈ {(a), (b), (ab)} if εI,2(h) = εI,2(h′) = 0
for all I ∈ {(a), (b), (ab)}. Since εI(F3) = 0 (cf. e.g. [36, Proposition 8.15]) and
εI,2(x
±1
j ) = εI,2(x
±2
a ) = εI,2(x
±2
b ) = 0 for any I ∈ {(a), (b), (ab)} and j 6∈ {a, b}, the
continuity of εI,2 : F → F2 yields that εI,2(F3N(a,b)) = 0. In particular, ε(b),2(hi) =
ε(ab),2(hi) = 0. Therefore
µ2(abi) = ε(ab),2(yi) = ciab + 2Z2.
Thus the proof of Proposition 3.7 is completed.
The following proposition yields that the Rédei symbols [ℓa, ℓb, ℓi] with i ∈ {a, b}
are written by the quartic residue symbols
( )
4
defined as follows;
(
z
ℓ
)
4
= ±1 ≡ z ℓ−14
(mod ℓ) for a prime number ℓ ≡ 1 (mod 4) and z ∈ Z×ℓ such that
(
z
ℓ
)
= 1, and(
z
2
)
4
= (−1) z−18 for z ∈ Z such that z ≡ 1 (mod 8).
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Proposition 3.8 (cf. [43]). Under the settings above, we have the following equations
for distinct prime numbers ℓa, ℓb ∈ S ∪ {2} satisfying (3.6);
[ℓa, ℓb, ℓa] =
(
ℓb
ℓa
)
4
if ℓa 6≡ 3 (mod 4) and ℓb 6≡ 3 (mod 4),
[ℓa, ℓb, ℓa] = [ℓa, ℓb, ℓb] =
(
−ℓb
ℓa
)
4
if ℓa 6≡ 3 (mod 4) and ℓb ≡ 3 (mod 4).
Proof. See [43, (53)–(53”)]. Alternatively, since [ℓa, ℓb, ℓa] = −1 if and only if the
narrow class number of Q(
√
ℓ∗aℓ
∗
b) is not divisible by 8 and the narrow ideal class of
la is nontrivial, the statement is obtained as a translation of well known results on
the narrow class groups (cf. e.g. [56, Propositions 3.3–3.6]).
As a special case of Theorem 3.1, we obtain the following result similar to [52,
Theorem 3.12].
Corollary 3.9. Suppose that k = Q, ℓ0 = p = 2 and S = {ℓ1, · · · , ℓd,∞}. Assume
that ℓi ≡ 1 (mod 4) for all 1 ≤ i ≤ d, and that
lk(ℓa, ℓb) ≡ lk(ℓa, ℓb) ≡ 0 (mod 2)
for all pairs (a, b) with 0 ≤ a, b ≤ d. Then d + 1 relations ri of the presentation of
G˜S(Q) in Theorem 3.1 are written in the form
ri ≡
∏
a<b
[xa, xb, xi]
µ2(abi)·
i−1∏
a=0
[xa, xi, xa]
µ2(aia)·
d∏
b=i+1
[xi, xb, xb]
µ2(ibb) mod F(4)
for each 0 ≤ i ≤ d, where F(4) denotes the 4th step of the Zassenhaus filtration of F .
Proof. Note that F(2) = F
2F2, F(3) = F
4F 22F3 and F(4) = F
4F 22F4 (cf. [3, Theorems
11.2 and 12.9]). By (3.5), we have
y−1i ≡ x2ei00 x2ei11 · · ·x2eidd
∏
a<b
[xa, xb]
ciab mod F(3)
with some eij ∈ {0, 1} such that 2eij ≡ lk(ℓi, ℓj) (mod 4). Then eii = 0 and
(−1)eij = ( ℓi
ℓj
)
4
= [ℓi, ℓj, ℓj ]
for j 6= i by Proposition 3.8. Since [F(n), F(4−n)] ⊂ F(4) for n ∈ {1, 2}, a direct
calculation shows that
ri ≡ [x−1i , y−1i ] ≡
∏
a<b
[xa, xb, xi]
ciab·
d∏
j=0
[xi, xj , xj ]
eij mod F(4).
By Proposition 3.7, we obtain the claim.
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Example 3.10. Put S = {ℓ1, ℓ2,∞} with ℓ1 = 113 and ℓ2 = 593. Then lk(ℓa, ℓb) ≡ 0
(mod 4) for any 0 ≤ a, b ≤ 2. By Proposition 3.7 and PARI/GP [42], one can see
that µ2(abi) = 1 if abi is a permutation of 012, and µ2(abi) = 0 otherwise. Then
r0 ≡ [x1, x2, x0], r1 ≡ [x2, x0, x1], r2 ≡ [x0, x1, x2] mod F(4)
by Corollary 3.9, and hence (2, 113, 593) is also a triple of (proper) Borromean primes
modulo 2 in the sense of [36, 52].
Example 3.11. For S = {ℓ1, ℓ2,∞} with ℓ1 = 337 and ℓ2 = 593, one can see that
lk(ℓa, ℓb) ≡ 0 (mod 4) and µ2(abi) = 0 for any 0 ≤ a, b, i ≤ 2 by Proposition 3.7 and
PARI/GP [42]. Then
G˜S(Q)/G˜S(Q)(4) ≃ F/F(4)
by Corollary 3.9.
3.5 Mild pro-p groups. A finitely presented pro-p group G is said to be ‘mild’
(with respect to the Zassenhaus filtration) when G has a presentation F/R ≃ G with
a system of relations which make a ‘strongly free sequence’ in the graded Lie algebra
grF =
⊕
n≥1 F(n)/F(n+1) (cf. [24]). Labute [24] gave the first example of mild GS(Q),
in particular having the cohomological dimension cd(GS(Q)) = 2, by showing that
GS(Q) is mild if S is a ‘circular set’. Such criteria for mildness have been reformulated
as a ‘cup-product criterion’ (cf. [47, Theorem 5.5] and [6, 9, 25]), which induces the
existence of mild G˜S(k) in various situations (cf. [2]). We also obtain circular sets of
primes including ℓ0 = p = 2 as follows.
Theorem 3.12. Suppose that k = Q, S∗ = {ℓ1, · · · , ℓd},
S =
{
S∗ if p 6= 2,
S∗ ∪ {q} if p = 2,
and d = |S∗| > 1 is odd, where q ≡ 3 (mod 4) and q,∞ 6∈ S∗. Put ℓ0 = p. Assume
that {p}∪S∗ is a ‘circular set’, i.e., there is a bijection σ : Z/(d+1)Z→ {0, 1, · · · , d}
satisfying the following conditions:
1. ℓσ(i) 6≡ 3 (mod 4) if p = 2 and i is even,
2. lk(ℓσ(i), ℓσ(j)) ≡ 0 (mod p) if i and j are even,
3.
d∏
i=0
l˜k(ℓσ(i), ℓσ(i+1)) 6≡
d∏
i=0
l˜k(ℓσ(i+1), ℓσ(i)) (mod p), where
l˜k(ℓi, ℓj) =
{
lk(ℓi, ℓj) if p 6= 2,
lk(ℓi, ℓj) + δℓj+4Z,3+4Zlk(ℓi, q) if p = 2.
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Then G˜S(Q) is a mild pro-p group (with respect to the Zassenhaus filtration) of de-
ficiency zero. In particular, the cohomological dimension cd(G˜S(Q)) = 2, the Euler-
Poincaré characteristic χ(G˜S(Q)) = 1, and G˜S(Q) is not p-adic analytic.
Proof. The pro-p group G˜S(Q) is mild if the Fp-vector space H
1(G˜S(Q)) has a de-
composition H1(G˜S(Q)) = U ⊕ V with the subspaces U , V such that
U ∪ V = H2(G˜S(Q)) and V ∪ V = {0}
(cf. e.g. [9, Cup-product criterion]), where U ∪ V (resp. V ∪ V ) denotes the image of
U ⊗ V (resp. V ⊗ V ) by the cup product
∪ : H1(G˜S(Q))⊗H1(G˜S(Q))→ H2(G˜S(Q)).
Let
1 // R // F
π // G˜S(Q) // 1
be the minimal presentation of G˜S(Q) obtained in Theorem 3.1. Put
bi,j = l˜k(ℓi, ℓj) + pZp ∈ Fp
for 0 ≤ i, j ≤ d. Then the normal subgroup R of F = 〈x0, · · · , xd〉 is normally
generated by d + 1 relations ri = x
(ℓi−1)(1−δi,0)
i [x
−1
i , y
−1
i ] (0 ≤ i ≤ d) with yi written
in the form
yi ≡
d∏
j=0
x
bi,j
j mod F(2).
Let χi ∈ H1(F ) be the dual element of xi, i.e., χi(xj) = δi,j for 0 ≤ j ≤ d. Then
χ0, · · · , χd form a basis of the Fp-vector space H1(F ) ≃ H1(G˜S(Q)). For each r ∈ R,
the trace map
trr : H
2(G˜S(Q))→ Fp : ϕ 7→ tg−1(ϕ)(r)
is defined as an element of the dual space H2(G˜S(Q))
∨, where tg : H1(R)F/R ≃
Hom(R/Rp[F,R],Fp)
≃−→ H2(G˜S(Q)) is the transgression isomorphism. Then
H2(G˜S(Q))
∨ =
d∑
i=0
Fptrri .
For i ≥ 0 and a multi-index I = (i1i2) with 0 ≤ i1, i2 ≤ d, we have
trri(χi1 ∪ χi2) = −εI,p(ri) = δp,2δi,i1δi,i2δℓi+4Z,3+4Z − δi,i1bi,i2 + δi,i2bi,i1
by the basic properties of mod p Magnus coefficients (cf. e.g. [8, Theorem 2.4] and
[52, Proposition 2.18]).
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Under the assumptions, we put
U =
⊕
j : odd
Fpχσ(j) and V =
⊕
j : even
Fpχσ(j).
If i1 and i2 are even, we have trri(χσ(i1) ∪ χσ(i2)) = 0 for any 0 ≤ i ≤ d by the
assumption. Hence V ∪ V = 0 by the nondegeneracy of the pairing H2(G˜S(Q)) ×
H2(G˜S(Q))
∨ → Fp. Put
ϕj = χσ(j) ∪ χσ(j+1) = −χσ(j+1) ∪ χσ(j) ∈ U ∪ V,
and put
ai,j = trrσ(i)ϕj = −δi,jbσ(j),σ(j+1) + δi,j+1bσ(j+1),σ(j) ∈ Fp
for 0 ≤ i, j ≤ d. Then the (d+ 1)× (d+ 1) matrix
A = (ai,j)i,j =

−bσ(0),σ(1) bσ(0),σ(d)
bσ(1),σ(0) −bσ(1),σ(2)
bσ(2),σ(1)
. . .
. . . −bσ(d−1),σ(d)
bσ(d),σ(d−1) −bσ(d),σ(0)

has the nonzero determinant detA =
∏d
i=0 bσ(i),σ(i+1) −
∏d
i=0 bσ(i+1),σ(i) 6= 0 by the
assumption. The linearity of trace maps trrσ(i) yields that the elements Φj ∈ U ∪ V
defined by
(Φ0,Φ1, · · · ,Φd) = (ϕ0, ϕ1, · · · , ϕd)A−1
satisfy trrσ(i)Φj = δi,j for any 0 ≤ i, j ≤ d. Hence the d + 1 elements Φj ∈ U ∪ V
are linearly independent. This implies that U ∪ V = H2(G˜S(Q)) and the deficiency
d˜S − r˜S = 0. By the cup-product criterion, G˜S(Q) is a mild pro-p group. The latter
statement also holds as the basic properties of a mild pro-p group (cf. e.g. [8, Theorem
2.4]).
Example 3.13. For ℓ0 = p = 3 and (ℓ1, ℓ2, ℓ3) = (13, 73, 61), one can easily see
that lk(ℓ0, ℓ2) ≡ lk(ℓ2, ℓ0) ≡ 0 (mod 3) and lk(ℓ0, ℓ1)lk(ℓ1, ℓ2)lk(ℓ2, ℓ3)lk(ℓ3, ℓ0) 6≡ 0 ≡
lk(ℓ0, ℓ3) (mod 3). Then {p} ∪ S = {ℓ0, ℓ1, ℓ2, ℓ3} is a circular set with σ such that
σ(i) ≡ i (mod 4) for all i, and hence G˜S(Q) is a mild pro-3 group by Theorem 3.12.
Example 3.14. For ℓ0 = p = 2 and S = {ℓ1, ℓ2, ℓ3, q}, suppose that ℓ1 ≡ 7 (mod 8),
ℓ2 ≡ 1 (mod 8), ℓ3 ≡ 5 (mod 8),
(
ℓ1
ℓ2
)
=
(
ℓ2
ℓ3
)
= −1, and q ≡ 3 (mod 8). For
example, (ℓ1, ℓ2, ℓ3, q) = (7, 17, 5, 3). Then the assumption of Theorem 3.12 is satisfied
for σ such that σ(i) ≡ i (mod 4) for all i, and hence G˜S(Q) is a mild pro-2 group.
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4 Alexander invariants in Iwasawa theory
4.1 Iwasawa polynomial. Let Λ = Zp[[T ]] be the ring of formal power series in
a variable T with coefficients in Zp. Any finitely generated Λ-module X has a finite
presentation
Λd2
Q // Λd1 // X // 0
with a d1 × d2 presentation matrix Q such that d2 ≥ d1 ≥ 1. Independently on
the choice of such presentation, the ith elementary ideal (ith Fitting ideal) Ei(X) is
defined as an ideal of Λ generated by (d1− i)× (d1− i) minors of Q if 0 ≤ i < d1, and
Ei(X) = Λ if i ≥ d1. The ‘divisorial hull’ E˜ of an ideal E is defined as the intersection
of all principal ideals containing E (cf. [14]). Since Λ is a unique factorization domain,
E˜ is a principal ideal generated by the greatest common divisor of generators of E if
E 6= {0}. Since Ann(X)d1 ⊂ E0(X) ⊂ Ann(X) for the annihilator ideal Ann(X) of
X (cf. e.g. [27, Appendix]), we have E˜0(X) = {0} (i.e., E0(X) = {0}) if and only if
X is not Λ-torsion.
Iwasawa polynomials are defined analogous to Alexander polynomials as follows.
For simplicity and convenience, we assume that k ∩ Qcyc = Q and kcyc/k is totally
ramified at any v ∈ P . Let γ be the element of Gal(k(µp∞)/k) such that γ(ζ) = ζκ
for any ζ ∈ µp∞, where κ = 1 + p or κ = 5 according to p 6= 2 or p = 2. Then γ|kcyc
is a generator of Gal(kcyc/k), and there is γ˜ ∈ Gal((kcyc)S/kS) such that γ˜|kcyc =
γ|kcyc. Recall that S ∩ P = ∅. Let K/k be a finite subextension of kS/k. Then
K ∩ kcyc = k, and Kcyc/K is also totally ramified at any primes lying over p. Put
γ = γ˜|Kcyc, which is the generator of Γ = Gal(Kcyc/K) such that γ|kcyc = γ|kcyc.
The left action of Γ on GS(K
cyc) is defined by γg = γ˜gγ˜−1 for g ∈ GS(Kcyc). This
induces the action of Λ on X = GΣ(K
cyc)ab for any Σ ⊂ S via the isomorphism
Λ ≃ Zp[[Γ ]] : 1 + T ↔ γ, where Zp[[Γ ]] = lim←−Zp[Γ/Γ p
n
] is the complete group
ring. Then the Iwasawa module X is a finitely generated Λ-torsion Λ-module. The
‘Iwasawa polynomial’ ∆(T ) = pµP (T ) ∈ Zp[T ] of X is defined as the generator of
the divisorial hull E˜0(X) = ∆(T )Λ of E0(X) (cf. Remark 4.1 below) with 0 ≤ µ ∈ Z
and monic P (T ) ≡ T λ (mod p), where λ = degP (T ). There exists ν ∈ Z satisfying
Iwasawa’s class number formula |GΣ(Kn)ab| = pλn+µpn+ν for all sufficiently large n
(cf. e.g. [53]), where Kn is the fixed field of Γ
pn. The theorem of Ferrero-Washington
[5] implies that µ = 0 if K/Q is an abelian extension.
Remark 4.1. Suppose that there is a Λ-homomorphism f : X → Y of finitely
generated Λ-modules with finite cokernel. Then (pn, T n) ⊂ E0(Cokerf) for sufficiently
large n. By the basic properties of Fitting ideals (cf. e.g. [27, Appendix]), we have
(pn, T n)E0(X) ⊂ (pn, T n)E0(Imf) ⊂ E0(Cokerf)E0(Imf) ⊂ E0(Y ),
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and hence E˜0(X) ⊂ E˜0(Y ). Moreover if Kerf is also finite (i.e., f is a pseudo-
isomorphism), and if X and Y are Λ-torsion, then there is a pseudo-isomorphism
g : Y → X, and hence E˜0(X) = E˜0(Y ). In particular when Y =
⊕m
i=1 Λ/℘
ni
i with
some prime ideals ℘i of height 1 and ni ≥ 1, we have E˜0(X) =
∏m
i=1 ℘
ni
i .
Based on the analogy between G˜∅(k) and π1(X), we obtain the following another
proof of Gold’s theorem analogous to [19, Theorem 3.2].
Theorem 4.2 (cf. [10], also [46]). Assume that p 6= 2 and k is an imaginary quadratic
field with class number hk 6≡ 0 (mod p), and that p splits in k as pOk = p1p2.
Let ∆(T ) be the Iwasawa polynomial of X = G∅(k
cyc)ab. Then ∆(T ) = T (i.e.,
G˜∅(k) ≃ Z2p) if and only if lk(p1, p2) 6≡ 0 (mod p).
Proof. Suppose K = k and Σ = ∅. By Theorem 3.2, G˜∅(k) has a presentation
1 // R // F π // G˜∅(k) // 1
with a free pro-p group F = 〈x1, x2〉 and the normal subgroup R which is normally
generated by r1, r2 of the form
r1 ≡ r−12 ≡ [x−11 , x−12 ]lk(p1,p2) mod F3
(cf. also Remark 3.3). Then RF3 = F
lk(p1,p2)
2 F3. In particular R ⊂ F2, i.e., G˜∅(k)ab ≃
Z2p, and there is a surjective homomorphism X ։ Λ/TΛ. Hence ∆(T ) ∈ TΛ. It is
well known that X ≃ Zλp (cf. e.g. [53, Corollary 13.29]). Therefore G˜∅(k) ≃ Z2p if and
only if X ≃ Λ/TΛ (i.e., ∆(T ) = T ). Since F2 = R if and only if F2 = F3R, we obtain
the claim.
Remark 4.3. An analogue of Iwasawa module is a finitely generated Z[t±1]-module
H1(X
cyc,Z) ≃ π1(Xcyc)ab, where Xcyc is an infinite cyclic covering of X with Γ =
Gal(Xcyc/X) = tZ. Then the Alexander polynomial ∆(t) ∈ Z[t±1] is defined as a gen-
erator of E˜0(H1(X
cyc,Z)) = ∆(t)Z[t±1]. Regarding ∆(1+T ) ∈ Λ, Iwasawa invariants
λ, µ and ν for Xcyc/X are analogously defined and studied (cf. [15, 18, 19, 20, 34, 50, 51]
etc.). For L = K1 ∪ K2 ⊂ M = S3 (and Xcyc such that the meridians of K1 and K2
are nontrivial in Γ), an analogue [19, Theorem 3.2] of Gold’s theorem states that
∆(1 + T )Λ = ΛT if and only if the linking number lk(K1,K2) 6≡ 0 (mod p).
Alexander polynomials can be calculated from a presentation of π1(X) by Fox
derivative (cf. [7, 36] etc.). Analogously, in some special cases, one can calculate
approximation of Iwasawa polynomials by pro-p Fox derivative as in the following
sections.
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4.2 Iwasawa module as a subquotient. Suppose that p = 2, k = Q, S∗ =
{ℓ1, · · · , ℓd} ⊂ S with ℓi ≡ 1 (mod 2), and Σ = S \ S∗ is either {∞} or {q} with
q ≡ 3 (mod 4). Let K = Q(√D) ⊂ QS be the quadratic field of discriminant
D =
{ ∏d
i=1 ℓ
∗
i if Σ = {∞},∏d
i=1 ℓi or q
∏d
i=1 ℓi if Σ = {q},
where ℓ∗i = (−1)
ℓi−1
2 ℓi. Let
1 // R // F
π // G˜S(Q) // 1
be the presentation of G˜S(Q) obtained in Theorem 3.1. Put the closed subgroup
H = 〈x0, x−1d x0xd, x1xd, · · · , xd−1xd, x21, · · · , x2d〉
of F generated by such 2d + 1 elements, where we ignore x1xd, · · · , xd−1xd if d = 1.
Recall that π(xi) generates the inertia group Ti of ℓ˜i in G˜S(Q). Then Gal(K/Q) =
〈π(xi)|K〉 for any 1 ≤ i ≤ d, and π(x0)|K = 1. Hence H is contained in the kernel of
the surjective homomorphism
|K ◦ π : F π // G˜S(Q) |K // Gal(K/Q) .
Since x−1i x0xi = (x
−1
i xd)(x
−1
d x0xd)(x
−1
d xi) and
(xix
−1
j )x
2
j = x
2
i (x
−1
i xj) = xixj = (xixd)(xjxd)
−1x2j ∈ H
for 1 ≤ i, j ≤ d, one can easily see that H is a normal subgroup of F such that
F/H = 〈xiH〉 ≃ Z/2Z for any 1 ≤ i ≤ d. Then the maximal subgroupH of F is a free
pro-2 group freely generated by the 2d+1 elements (cf. e.g. [37, Corollary (3.9.6)]), and
R ⊂ F 2F2 ⊂ H . Since |K ◦ π induces the isomorphism (F/R)/(H/R) ≃ Gal(K/Q),
π induces a presentation
1 // R // H π // G˜S(K) // 1
of G˜S(K) = Gal((Q
cyc)S/K). The inertia group
Ti ∩ G˜S(K) = Ker(Ti → Gal(K/Q) : π(xi) 7→ π(xi)|K)
of ℓ˜i in G˜S(K) is generated by π(x
2
i ). Hence π also induces a presentation
1 // NR // H
̟ // G˜Σ(K) // 1
of G˜Σ(K) = Gal((K
cyc)Σ/K), where ̟ = |(Kcyc)Σ ◦ π, and N = 〈x21, · · · , x2d〉H is
the normal subgroup of H normally generated by x21, · · · , x2d. Note that g−1x2i g =
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(x−1i g)
−1x2i (x
−1
i g) ∈ N for any g ∈ F = H ∪ xiH and 1 ≤ i ≤ d. Then N is also a
normal subgroup of F , and hence a presentation
1 // NR // F ̟ // Gal((Kcyc)Σ/Q) // 1
of Gal((Kcyc)Σ/Q) is also induced. Recall that R is generated by r0, r1, · · · , rd as a
normal subgroup of F , and put
ρi = [x
−1
i , y
−1
i ] ≡ ri mod N
for 0 ≤ i ≤ d. Since
g−1ρig = (x
−1
i g)
−1(yix
2
i y
−1
i )
−1ρ−1i x
2
i (x
−1
i g) ≡ (x−1i g)−1ρ−1i (x−1i g) mod N
for any g ∈ F = H ∪ xiH and 1 ≤ i ≤ d,
NR = 〈x21, · · · , x2d, ρ0, x−1d ρ0xd, ρ1, · · · , ρd〉H
is normally generated by such 2d + 2 elements in H . Put F = F/N , and put g =
gN ∈ F for any g ∈ F . The universality of the free pro-2 group implies that
H = H/N = 〈w01, w02, w1, · · · , wd−1〉
is a free pro-2 group of rank d+ 1, where
w01 = x0, w02 = x
−1
d x0xd, wi = xixd
for 1 ≤ i ≤ d− 1. We ignore wi if d = 1. Then ̟ induces a presentation
1 // R // H
̟ // G˜Σ(K) // 1
of G˜Σ(K) and an exact sequence
1 // R // F
̟ // Gal((Kcyc)Σ/Q) // 1 ,
where
R = NR/N = 〈ρ0, x−1d ρ0xd, ρ1, · · · , ρd〉H
and ̟(g) = ̟(g) = π(g)|(Kcyc)Σ for g ∈ F . Recall that we can put γ˜ = π(x0)
(cf. Remark 3.5). Then Γ = Gal(Kcyc/K) = 〈γ〉 with γ = γ˜|Kcyc. Let τ be the
generator of Gal(Kcyc/Qcyc) ≃ Z/2Z. Then Gal(Kcyc/Q) = 〈τ, γ〉 ≃ Z/2Z ⊕ Zp,
and π(xi)|Kcyc = τ for all 1 ≤ i ≤ d. Since ̟(w01)|Kcyc = ̟(w02)|Kcyc = γ and
̟(wi)|Kcyc = 1, the kernel of
|Kcyc ◦̟ : H ̟ // G˜Σ(K) |Kcyc // Γ
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is
M = 〈w01w−102 , w1, · · · , wd−1〉H .
Then H/M = 〈w01M〉 ≃ Z2 and ̟(M) = GΣ(Kcyc). By defining the action of γ on
m ∈ M as
γm = w01mw
−1
01 ,
M is a free pro-2-Γ operator group of rank d, and M/M 2 ≃ Λd is a free Λ-module of
rank d. Since F/H = 〈xdH〉 and
xd(w01w
−1
02 )x
−1
d = (w01w
−1
02 )
−1 = [xd, w
−1
01 ],
xdwix
−1
d = w
−1
i
for all 1 ≤ i ≤ d− 1, M is a normal subgroup of F , and ̟ induces the isomorphism
F/M = 〈xdM,w01M〉 ≃ Gal(Kcyc/Q) = 〈τ, γ〉 : xdM 7→ τ, w01M 7→ γ.
In particular, we have R ⊂ F 2 ⊂M . Note that
xd(hmh−1)x
−1
d = [x
−1
d , h
−1]h(xdmx
−1
d )h
−1[h−1, x−1d ] ≡ h(xdmx−1d )h−1 mod M 2
for any m ∈M and h ∈ H . By defining the action of τ on M/M2 as
τ (mM 2) = xdmx
−1
d M2 = (mM 2)
−1(4.1)
for m ∈ M , we regard M/M2 as a Z2[[Gal(Kcyc/Q)]]-module, particularly as a Λ-
module. Since M 2R/M 2 is a Z2[[Gal(K
cyc/Q)]]-submodule of M/M 2, ̟ induces an
isomorphism
M/M2R ≃ GΣ(Kcyc)ab
as Z2[[Gal(K
cyc/Q)]]-modules, particularly as Λ-modules. Since
x−1d ρ0xdM 2 =
τ (ρ0M2) = (ρ0M2)
−1,
this isomorphism induces a presentation
Λd+1 //

Λd // GΣ(K
cyc)ab // 0
M2R/M2 //M/M2
≃
OO
of the Iwasawa module X = GΣ(K
cyc)ab, which implies that the Iwasawa polynomial
is computable in principle from the presentation of G˜S(Q). We obtain the following
theorem concerning an approximate computation of the initial Fitting ideal.
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Theorem 4.4. Under the settings above, let E0(X) be the initial Fitting ideal of the
Λ-module X = GΣ(K
cyc)ab, and put
ε =
{
1 if D ≡ 1 (mod 8),
0 if D ≡ 5 (mod 8).
Suppose that
ρi = [x
−1
i , y
−1
i ] ≡ ρi,n mod M(n)
with some ρi,n ∈ H for each 0 ≤ i ≤ d and n ≥ 3, where
M(n) = M
2n−1−ε
M 2
n∏
i=2
F
2n−i
i .
Then the ideal E0(X) + (2, T )
n−1−ε of Λ is generated by (2, T )n−1−ε and the d × d
minors of the d× (d+ 1) matrix
Qn =
(
Φ
(∂ρi,n
∂w
))
w,i
with rows and columns indexed by w ∈ {w01, w1, · · · , wd−1} and 0 ≤ i ≤ d, where
Φ : Z2[[H ]] // Z2[[Γ ]]
≃ // Λ
is the Z2-linear ring homomorphism naturally extended from |Kcyc ◦̟ : H → Γ .
4.3 Proof of Theorem 4.4. PutM
(1)
= M ⊃ F 2, and putM (n) = [M (n−1), F ] ⊃
F n+1 for n ≥ 2 recursively. Arbitrary g ∈ F can be written in the form g = wz01xdem′
with some z ∈ Z2, e ∈ {0, 1} and m′ ∈M . Then, since
[m, g] ≡ m−2e((γ−zm)m−1)(−1)e mod M 2
for any m ∈M , we have
M
(n)
M 2/M 2 = (2, T )
n−1(M/M 2)(4.2)
for any n ≥ 1 by induction. Then F 2n−ii ⊂ (M (i−1))2n−i ⊂ M (n−1)M 2 for any n ≥ i ≥
2, and hence
M(n) ⊂M (n−1)M2 ⊂ M (2)M 2(4.3)
for n ≥ 3. In particular, we have
M
(2)
M 2R = M
(2)
M 2R
(n)
,
where we put
R
(n)
= 〈ρ0,n, x−1d ρ0,nxd, ρ1,n, · · · , ρd,n〉H ⊂M.
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Lemma 4.5. M
(n−ε)
M 2R = M
(n−ε)
M 2R
(n)
for any n ≥ 3.
Proof. IfD ≡ 1 (mod 4), we obtain the claim by (4.3). Suppose thatD ≡ 5 (mod 8).
Let L be the fixed field of (2, T )X. Then L/Kcyc is the maximal elementary abelian
2-extension unramified outside Σ which is abelian over K. Since
M/M
(2)
M 2R ≃ X/(2, T )X ≃ Gal(L/Kcyc)
as Z2[[Gal(K
cyc)/Q]]-modules by (4.2), we have
F/M
(2)
M 2R ≃ Gal(L/Q).
Let L′ be the inertia field in L/K of the unique prime of K lying over 2. Since L/L′
and Kcyc/K are totally ramified, we have L = L′Kcyc and L′∩Kcyc = K. Hence L′ is
an elementary abelian 2-extension of K unramified outside Σ. Since GΣ(Q)
ab ≃ {1},
1 + τ annihilates the Sylow 2-subgroup of the ray class group of K modulo v ∈ Σ,
i.e., τ |K ∈ Gal(K/Q) acts as inverse on GΣ(K)ab. The trivial action of Gal(K/Q) on
GΣ(K)
ab/2 implies that the maximal elementary abelian 2-extension of K unramified
outside Σ is an abelian extension over Q. Therefore L = L′Qcyc is abelian over Q,
i.e.,
F 2 ⊂M (2)M 2R = M (2)M 2R(n).
Since M 2R
(n)
is also a normal subgroup of F by (4.1), we have
F i ⊂M (i)M 2R ∩M (i)M 2R(n)
for any i ≥ 2. Since (M (i))2n−i ⊂M (n)M 2 for any i ≥ 1 by (4.2), we have
M(n) ⊂ M (n)M 2R ∩M (n)M 2R(n),
and hence
M
(n)
M 2R = M
(n)
M 2(M
(n)R) = M
(n)
M2(M
(n)R
(n)
) = M
(n)
M 2R
(n)
.
Thus Lemma 4.5 is proved.
Lemma 4.5 above and (4.2) yield that
X/(2, T )n−1−εX ≃M/M (n−ε)M 2R ≃ X(n)/(2, T )n−1−εX(n),(4.4)
where
X(n) = M/M 2R
(n) ≃ Ker(H/R(n) ψn−→ Γ )ab.
Since πn : H → H/R(n) satisfies ψn ◦ πn = |Kcyc ◦̟, there is a presentation
Λd+2
Q˜n // Λd+1 // Aψn // 0
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of the complete ψn-differential module Aψn (cf. [36, Corollary 9.15]) with the (d +
1)× (d+ 2) matrix Q˜n obtained by adding to Qn a row with w = w02 and a column(
Φ
(∂x−1d ρ0,nxd
∂w
))
w
=
(
−Φ
(∂ρ0,n
∂w
))
w
which is the inverse of the column of i = 0 by (4.1) and the following lemma.
Lemma 4.6. For any w ∈ {w01, w02, w1, · · · , wd−1}, we have
Φ
(∂mz11 mz22
∂w
)
= z1Φ
(∂m1
∂w
)
+ z2Φ
(∂m2
∂w
)
for any z1, z2 ∈ Z2 and m1, m2 ∈M . In particular,
Φ
(∂m
∂w
)
= 0
if m ∈M 2.
Proof. Recall that M is the kernel of |Kcyc ◦ ̟, i.e., ̟(mi)|Kcyc = 1. Hence the
claim holds by the basic properties (cf. e.g. [36, Proposition 8.13]) of the pro-p Fox
derivative ∂
∂w
and the continuity of Φ ◦ ∂
∂w
.
The involution τ on H defined by h
τ
= x−1d hxd satisfies (w01)
τ = w02 and (wi)
τ =
w−1i , in particular, ̟(h
τ
)|Kcyc = ̟(h)|Kcyc for any h ∈ H. By the chain rule of the
Fox derivative (cf. [7, (2.6)]), we have
∂ρi,n
∂w02
=
∂(ρi,n
τ )τ
∂w02
=
∑
w
(∂ρi,nτ
∂w
)τ ∂wτ
∂w02
=
(∂ρi,nτ
∂w01
)τ
,
and hence (4.1) and Lemma 4.6 yield that
Φ
(∂ρi,n
∂w02
)
= −Φ
(∂ρi,n
∂w01
)
for any 0 ≤ i ≤ d, i.e., the row of w = w02 is the inverse of the row of w = w01 in Q˜n.
Since the Crowell exact sequence (cf. [38] or [36, Theorem 9.17])
0 // X(n) // Aψn // Λ
εZ2[[Γ ]]// Z2 // 0
yields that Aψn ≃ X(n) ⊕ Λ, the Fitting ideal E0(X(n)) = E1(Aψn) of the Λ-module
X(n) is generated by d× d minors of Q˜n, i.e., of Qn (cf. [36, Example 9.18]). Since
E0(X) + (2, T )
n−1−ε = E0(X
(n)) + (2, T )n−1−ε
by (4.4) (cf. [27, Appendix]), we obtain the claim of Theorem 4.4.
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4.4 Application of Theorem 4.4. In the following, we assume that Σ = {∞}.
Recall that ρi = [x
−1
i , y
−1
i ]. By Theorem 3.1 and (3.5),
yi ≡ xcidd · · ·xci11 xci00
∏
a<b
[xa, xb]
ciab mod F3N
with ci1, · · · , cid ∈ {0, 1} and ciab ∈ Z2 for 0 ≤ i ≤ d, where
ci0 = lk(ℓi, ℓ0),
cij ≡ lk(ℓi, ℓj) mod 2
for 1 ≤ j ≤ d. Then we have
ρi ≡
d∏
j=0
[x−1i , x
−1
j ]
cij · [xi, x0, x0]ci0(ci0−1)/2 ·
∏
a<b
[xi, xa, xb]
ciacib[xa, xb, xi]
ciab(4.5)
mod F 23F4(F2)2N
by [37, Propositions (3.8.3) and (3.8.6)] and the multilinearity of brackets
[ , , ] : F/F2 ⊗ F/F2 ⊗ F/F2 // F2/F3 ⊗ F/F2 [ , ] // F3/F4.
For convenience, we put wd = xdxd = 1. Then, for any j 6= 0 and b 6= 0,
[x−1i , x
−1
j ] =
{
w01wjw
−1
02 w
−1
j if i = 0,
(wiw
−1
j )
2 if i 6= 0,
[xi, xj, x0] =
{
[wjw02w
−1
j , w01] if i = 0,
[(wiw
−1
j )
2, w01] if i 6= 0,
and
[xi, xj , xb] ≡
{
(w−102 w
−1
j w01wj)
2 mod M 2 if i = 0,
(wiw
−1
j )
−4 mod M 2 if i 6= 0.
By (4.5), we have
ρi ≡ ρi,4 mod F 23F 4M 2 ⊂M(4)(4.6)
with
ρ0,4 =
d∏
j=1
(w01wjw
−1
02 w
−1
j )
c0j [wjw02w
−1
j , w01]
c00j
· ∏
0<a<b
(w−102 w
−1
a w01wa)
2c0ac0b[(waw
−1
b )
2, w01]
c0ab
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and
ρi,4 =
d∏
j=1
(wiw
−1
j )
2cij(w−102 w
−1
i w01wi)
2ci0cij(w−102 w
−1
j w01wj)
2ci0j
· (w01wiw−102 w−1i )−ci0[wiw02w−1i , w01]ci0(ci0−1)/2
· ∏
0<a<b
(waw
−1
i )
−4ciacib(waw
−1
b )
−4ciab
for 1 ≤ i ≤ d. Since
Φ
(∂(w01wiw−102 w−1i )
∂w
)
≡ δw,w01 − δw,w02 + Tδw,wi,
Φ
(∂[wiw02w−1i , w01]
∂w
)
≡ Tδw,w01 − Tδw,w02 + T 2δw,wi,
Φ
(∂(w−102 w−1i w01wi)2
∂w
)
≡ 2(T + 1)δw,w01 − 2(T + 1)δw,w02 + 2Tδw,wi,
Φ
(∂[(waw−1b )2, w01]
∂w
)
≡ 2Tδw,wa + 2Tδw,wb
modulo (2, T )3 for 1 ≤ i, a, b ≤ d, a routine calculation using Lemma 4.6 shows that
Φ
(∂ρi,4
∂w
)
≡ qw,i mod (2, T )3(4.7)
with qw,i ∈ Λ such that
qw,0 =

d∑
j=1
(c0j + c00jT ) +
∑
0<a<b
2c0ac0b(T + 1) if w = w01,
c0mT + c00mT
2+
d∑
b=m+1
2(c0mc0b + c0mb)T+
m−1∑
a=1
2c0amT if w = wm,
and
qw,i =

d∑
j=1
2(ci0cij + ci0j)(T + 1)− ci0 + ci0(ci0−1)2 T if w = w01,
d∑
j=1
2cij(1 + ci0T ) + 2ci0iT − ci0T + ci0(ci0−1)2 T 2
+
∑
0<a<b
4ciacib+
d∑
b=i+1
4ciib+
i−1∑
a=1
4ciai if w = wi,
−2cim + 2ci0mT+
d∑
b=m+1
4(cimcib + cimb)+
m−1∑
a=1
4ciam if w = wm 6= wi,
for 1 ≤ i ≤ d and 1 ≤ m ≤ d− 1. Then (4.6), (4.7) and Theorem 4.4 for n = 4 yield
that E0(X) + (2, T )
3−ε is generated by (2, T )3−ε and d× d minors of the d× (d+ 1)
matrix (qw,i)w,i. In particular when d = 2, the 2× 2 minors
∆0(T ) =
∣∣∣∣∣ qw01,0 qw01,1qw1,0 qw1,1
∣∣∣∣∣ , ∆1(T ) =
∣∣∣∣∣ qw01,1 qw01,2qw1,1 qw1,2
∣∣∣∣∣ , ∆2(T ) =
∣∣∣∣∣ qw01,2 qw01,0qw1,2 qw1,0
∣∣∣∣∣
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of the 2× 3 matrix (qw,i)w,i satisfy the following congruences modulo (2, T )3;
∆0(T ) ≡
(
c10c002 + c02
c10(c10−1)
2
)
T 2 − c10c02T + 2c12(c01 + c02)
+ 2
(
c12(c10c02 + c001 + c002) + c01c102 + c02c101 + c10c012
)
T
+ 4
(
c12c01c02 + c112(c01 + c02)
)
,
∆1(T ) ≡
(
c10
c20(c20−1)
2
+ c20
c10(c10−1)
2
)
T 2 − c10c20T + 2(c12c20 + c21c10)
+ 2
(
c12
c20(c20−1)
2
+ c21
c10(c10−1)
2
+ c10c20(c12 + c21) + c10c202 + c20c101
)
T
+ 4
(
c12c21(c10 + c20) + c21(c101 + c102) + c12(c201 + c202) + c10c212 + c20c112
)
,
∆2(T ) ≡
(
c20c001 + c01
c20(c20−1)
2
)
T 2 − c01c20T + 2c21(c01 + c02)
+ 2
(
c21(c01c20 + c001 + c002) + c01c202 + c02c201 + c20c012 + c01c20c02
)
T
+ 4
(
c21c01c02 + c212(c01 + c02)
)
.
Then we obtain the following theorems.
Theorem 4.7. Assume that k = Q, p = 2 and S = {ℓ1, ℓ2,∞}. Let ∆(T ) be
the Iwasawa polynomial of X = G∅(K
cyc)ab for an imaginary quadratic field K =
Q(
√−ℓ1ℓ2), and let c012, c201 be 2-adic integers defined by (3.5).
1. If ℓ1 ≡ 9 (mod 16), ℓ2 ≡ 3 (mod 8) and
(
ℓ1
ℓ2
)
= 1, then
∆(T ) ≡ T 2 + (1 + ( 2
ℓ1
)
4
)
T + 2
(
1− ( ℓ2
ℓ1
)
4
)
mod 4Z2T + 8Z2
and c012 + c201 ≡ 12
(
1 +
(
2
ℓ1
)
4
)
(mod 2).
2. If ℓ1 ≡ 7 (mod 16), ℓ2 ≡ 5 (mod 8) and
(
ℓ1
ℓ2
)
= 1, then
∆(T ) ≡ T 2 + 2(1− (−ℓ1
ℓ2
)
4
)
mod 4Z2T + 8Z2
and c012 ≡ c201 (mod 2).
Proof. Assume that
(
ℓ1
ℓ2
)
= 1 and either ℓ1 ≡ 9 (mod 16) and ℓ2 ≡ 3 (mod 8) or
ℓ1 ≡ 7 (mod 16) and ℓ2 ≡ 5 (mod 8). Then, since X ≃ Z22 as a Z2-module (cf.
[4, 21]), E0(X) is a principal ideal of Λ generated by ∆(T ) ≡ T 2 (mod 2) (cf. [53,
p.299, Example (3)]). By (4.6), (4.7) and Theorem 4.4, the ideal E0(X) + (2, T )
3 is
generated by (2, T )3 and ∆0(T ), ∆1(T ), ∆2(T ). Hence
∆i(T ) ≡ ui(T )∆(T ) mod (2, T )3
with some ui(T ) ∈ Λ× for each i ∈ {0, 1, 2}. By the assumption, we have c01 = 0,
c02 = 1, c12 = c21 = 0, c10 ≡ 2 (mod 4), c20 ≡ 1 (mod 2). Then c10(c10−1)2 ≡ 1
(mod 2). Moreover, (−1)c001 = ( ℓ∗1
2
)
4
= −1 by Propositions 3.7 and 3.8. Hence
∆0(T ) ≡ ∆1(T ) ≡ T 2 + 2(c101 + 1)T + 4c112 mod (2, T )3,
∆2(T ) ≡ T 2 + 2(c012 + c201)T + 4c212 mod (2, T )3.
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In particular, ∆i(T ) ∈ (2, T )2 for all i ∈ {0, 1, 2}. Since
T 2 ≡ ∆i(T ) ≡ ui(T )∆(T ) ≡ ui(0)T 2 mod (2, T 3),
we have ui(T ) ∈ Λ×, and hence
∆(T ) ≡ ui(T )−1∆i(T ) ≡ ∆i(T ) mod (2, T )3
for all i ∈ {0, 1, 2}. In particular, c101 + 1 ≡ c012 + c201 (mod 2). Since
(−1)c101 =
{ (
2
ℓ1
)
4
if ℓ1 ≡ 9 (mod 16),(
−ℓ1
2
)
4
= −1 if ℓ1 ≡ 7 (mod 16)
and
(−1)c112 = (−1)c212 =
{ (
−ℓ2
ℓ1
)
4
=
(
ℓ2
ℓ1
)
4
if ℓ1 ≡ 9 (mod 16), ℓ2 ≡ 3 (mod 8),(
−ℓ1
ℓ2
)
4
if ℓ1 ≡ 7 (mod 16), ℓ2 ≡ 5 (mod 8)
by Propositions 3.7 and 3.8, we obtain the statement of Theorem 4.7.
Remark 4.8. Although the Rédei symbols [ℓ1, ℓ2, ℓ0] and [ℓ0, ℓ1, ℓ2] are not defined
in the situation of Theorem 4.7, the congruences for c012 and c201 imply a certain
decomposition law of primes in the 2-extension K(0,1)K(1,2)/Q of degree 32.
Remark 4.9. In the situation of Theorem 4.7, the theorems of Mazur and Wiles
(Iwasawa main conjecture, cf. [13, 27] etc.) yields the equality 1
2
f(T )Λ = ∆(T )Λ for
f(T ) ∈ 2Λ such that L2(s, χ) = f(κs − 1) is the Kubota-Leopoldt 2-adic L-function
for a quadratic character χ associated to Q(
√
ℓ1ℓ2). The construction of f(T ) via
Stickelberger elements induces an algorithm of approximate computation of ∆(T ).
On the other hand, the proof of Theorem 4.7 does not use these results.
Theorem 4.10. Suppose p = 2, and let K = Q(
√
ℓ1ℓ2) be a real quadratic field with
prime numbers ℓ1 ≡ 7 (mod 16), ℓ2 ≡ 3 (mod 8). Then G˜{∞}(K) has a minimal
presentation
1 // R˜ // H˜ // G˜{∞}(K) // 1
where H˜ = 〈w01, w1〉 is a free pro-2 group with two generators w01, w1, and R˜ is a
normal subgroup of H˜ normally generated by two relations w21, [w01, w1, w01].
Proof. By the assumption, c01 = 0, c10 ≡ 2 (mod 4), c20 ≡ c02 = 1 (mod 2) and
c21 = 1 − c12. Put i = 2c21, j = 2c12 ∈ {0, 2}. Then ∆i(T ) ≡ 2 (mod (2, T )2), and
hence
2∆i(T ) ≡ 4 mod (2, T )3, T∆i(T ) ≡ 2T mod (2, T )3.
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Since c10(c10−1)
2
≡ 1 (mod 2), and (−1)c001 = (−ℓ1
2
)
4
= −1 by Propositions 3.7 and
3.8, we have ∆j(T ) ≡ T 2 (mod (4, 2T ) + (2, T )3), and hence
E0(X) + (2, T )
3 = (2, T 2)
by (4.6), (4.7) and Theorem 4.4. Since
(2, T )n ⊂ (2, T )n−2(2, T 2) ⊂ E0(X) + (2, T )n+1,
one can see that (2, T 2) = E0(X) + (2, T )
n for any n ≥ 3 by induction, and hence
E0(X) = (2, T
2). Since X/TX ≃ G{∞}(K)ab is cyclic, X is a cyclic Λ-module, and
hence
X = G{∞}(K
cyc)ab ≃ Λ/E0(X) = Λ/(2, T 2).
In particular, the commutator subgroup of G˜{∞}(K) isG∅(K
cyc(
√−ℓ1)), andG{∞}(Kcyc)ab
is an abelian group of type [2, 2]. Since
G∅(Q
cyc(
√
−ℓ1))ab ≃ Λ/T ≃ Z2(4.8)
(cf. [4, 21]), the maximal subgroupG∅(K
cyc(
√−ℓ1)) ofG{∞}(Kcyc) has infinite abelian
quotient. Therefore G{∞}(K
cyc) is a prodihedral pro-2 group. Then
Gal((Kcyc){∞}/K
cyc(
√
−ℓ1)) = G∅(Kcyc(
√
−ℓ1)) ≃ Z2,
and hence (Kcyc){∞} = KQ
cyc(
√−ℓ1)∅, which is a Z22-extension of K(
√−ℓ1) by
(4.8). Recall that the homomorphism ̟ gives isomorphisms G˜{∞}(K) ≃ H/R and
Gal((Kcyc){∞}/Q) ≃ F/R. Since w−101 w02 = [x0, xd] ∈ F 2, we have ̟(w−101 w02) ∈
G∅(K
cyc(
√−ℓ1)), and hence ̟ induces a minimal presentation
1 // H˜ ∩ R // H˜ ̟ // G˜{∞}(K) // 1 ,
where H˜ = 〈w01, w1〉 ⊂ H . Then G{∞}(Kcyc) is a prodihedral pro-2 group generated
by̟(w1) and̟([w01, w1]), which has the procyclic maximal subgroupG∅(K
cyc(
√−ℓ1))
generated by ̟([w01, w1]). This implies that
w−11 [w01, w1]w1 ≡ [w01, w1]−1 mod H˜ ∩R.
Then (w1[w01, w1]
z)2 ≡ w21 (mod H˜∩R) for any z ∈ Z2, and hence w21 ≡ 1 (mod H˜∩
R). Moreover, since the maximal subgroup G˜∅(K(
√−ℓ1)) of G˜{∞}(K) is an abelian
pro-2-group generated by ̟(w01) and ̟([w01, w1]), we have [w01, w1, w01] ∈ H˜ ∩ R.
Therefore R˜ ⊂ H˜ ∩ R, i.e., there is a surjective homomorphism H˜/R˜ → G˜{∞}(K).
Since w21 ∈ R˜ and
[w01, w1]w
−1
1 [w01, w1]w1 = [w01, w
2
1] ∈ R˜,
there are surjective homomorphisms Z2 ⊕ Z/2Z→ H˜/H˜2R˜ and Z2 → H˜2R˜/R˜. This
implies that H˜/R˜ ≃ G˜{∞}(K), i.e., R˜ = H˜ ∩ R. Thus the proof of Theorem 4.10 is
completed.
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Remark 4.11. In Theorem 4.10, the finiteness of G∅(K
cyc)ab (Greenberg’s conjecture,
cf. [12]) is certainly verified, using the same description of ∆i(T ) mod (2, T )
3 by cij
and ciab as in the case of Theorem 4.7. In fact, G∅(K
cyc) = {1}, i.e., G˜∅(K) ≃ Z2 in
this case (cf. e.g. [41]).
Remark 4.12. In Theorem 4.7, we calculated Iwasawa polynomials from a Koch type
presentation of G˜S(Q). Conversely, there is a case where an explicit presentation of
G˜∅(k) is obtained from the Iwasawa polynomial: If p = 2 and k = Q(
√−ℓ1ℓ2)
with prime numbers ℓ1 ≡ 7 (mod 16), ℓ2 ≡ 3 (mod 8), then G˜∅(k) has a minimal
presentation
1 // R // F // G˜∅(k) // 1
with a free pro-2 group F generated by {a, b, c} and the normal subgroup R normally
generated by
a2[a, b], a2[b, c, b], [b, c, a], [a, c], [b, c]−C1 [c, b, c]aC1b−C0 ,
where C1, C0 ∈ 2Z2 are the coefficients of the Iwasawa polynomial ∆(T ) = T 2 +
C1T + C0 of X = G∅(k
cyc)ab (cf. [29, Theorem 2.2]).
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